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Abstract
Using the off-shell formulation for N -extended conformal supergravity in
three dimensions that has recently been presented in arXiv:1305.3132, we con-
struct superspace actions for conformal supergravity theories with N < 6. For
each of the cases considered, we work out the complete component action as
well as the gauge transformation laws of the fields belonging to the Weyl su-
permultiplet. The N = 1 and N = 2 component actions derived coincide with
those proposed by van Nieuwenhuizen and Rocˇek in the mid-1980s. The off-
shell N = 3, N = 4 and N = 5 supergravity actions are new results. Upon
elimination of the auxiliary fields, these actions reduce to those constructed by
Lindstro¨m and Rocˇek in 1989 (and also by Gates and Nishino in 1993).
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1 Introduction
In a recent paper [1], we have developed a new formulation for N -extended con-
formal supergravity in three dimensions, which was called conformal superspace. In-
spired by the earlier constructed formulations for N = 1 [2] and N = 2 [3] conformal
supergravities in four dimensions, it is obtained by gauging the N -extended supercon-
formal algebra in superspace. In the framework of [1], the geometry of curved super-
space is subject to covariant constraints such that the algebra of covariant derivatives
is given in terms of a single curvature superfield which turns out to be the super
Cotton tensor. Upon degauging of the local S-supersymmetry and special confor-
mal transformations, the conformal superspace of [1] reduces to the conventional
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formulation for N -extended conformal supergravity [4, 5] with the structure group
SL(2,R) × SO(N ). The latter formulation has been used [5] to construct general
supergravity-matter couplings in the cases N ≤ 4 (the simplest extended case N = 2
was studied in more detail in [6]). However, the approach of [4, 5] does not appear to
be well suited for the explicit construction of off-shell conformal supergravity actions
in superspace.1
Within the conventional formulation [4, 5], the superspace action for N = 1 con-
formal supergravity has been worked out in a recent paper [11], using the ectoplasm
formalism [12, 13, 14], whose basic principle appeared earlier in the rheonomic frame-
work [15]. However, an extension of the general method used in [11], which should
be applicable in principle for N > 1, has faced a formidable amount of calculation
already in the case N = 2. As discussed in [1], the main technical disadvantage of
the conventional formulation [4, 5] is the presence of several dimension-1 curvature
tensors (SIJ = S(IJ), Ca
IJ = Ca
[IJ ] and W IJKL =W [IJKL]), which makes the algebra
of covariant derivatives rather involved and somewhat cumbersome from the point of
view of practical calculations. On the other hand, the conformal superspace of [1]
has no dimension-1 curvature for the cases N = 1, 2, 3, while for N > 3 the algebra
of covariant derivatives is constructed entirely in terms of the super Cotton tensor
W IJKL.
In this paper, we will apply the conformal superspace [1] to construct off-shell
actions for conformal supergravity theories with N < 6. In principle, we will make use
of the same superform method that was at the heart of the construction in [11] (this
method is a generalization of the superform formulation for the linear multiplet in
four-dimensional N = 2 conformal supergravity given in [16].) However, the technical
problems that are intrinsic within the conventional formulation [4, 5] simply do not
occur if one works in the conformal superspace of [1].
This paper is organized as follows. In section 2, we review the recently constructed
conformal superspace of [1], emphasizing some key points of the formulation. Section
3 presents the necessary framework for the construction of actions from an appro-
priate closed superform. We discuss two three-forms of particular importance, the
Chern-Simons and curvature induced three-forms. These provide us with an efficient
procedure of constructing closed forms, describing the actions in three-dimensions. In
section 4, we work out the necessary ingredients for the construction of the supergrav-
ity actions – namely, the Chern-Simons and curvature induced three-forms. Section
1At the component level, the Chern-Simons type actions for three-dimensional conformal super-
gravities were constructed in the cases N = 1 [7], N = 2 [8] and finally for arbitrary N [9, 10]. The
formulation for extended conformal supergravity given in [9, 10] is on-shell for N > 2.
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5 is devoted to elaborating the component structure of the conformal superspace of
[1]. Using the derived component expressions, section 6 constructs the component
actions for the N < 6 cases. Finally, in section 7 we discuss our results and conclude
the paper.
We also include several technical appendices. Appendix A provides some use-
ful notes on invariant superforms. In Appendix B we give a quick derivation of the
Cartan-Killing metric using a matrix realization of the superconformal group. Ap-
pendix C includes component analysis of certain curvatures, which are not directly
used for the actions constructed in the paper. We also include supersymmetry trans-
formations of component fields in Appendix D.
2 Geometry of N -extended conformal superspace
We begin with a summary of the newly constructed N -extended conformal super-
space of [1], which involves gauging the full superconformal algebra. We then collect
the essential details of the superspace geometry for the distinct cases of N = 1,
N = 2, and N = 3 as well as for N > 3. These results will be used extensively
throughout the rest of the paper. We refer the reader to appendix A of [1] for our
notation and conventions.
In this section we deal with a curved three-dimensional N -extended superspace
M3|2N parametrized by local bosonic (xm) and fermionic coordinates (θµI ):
zM = (xm, θµI ) , (2.1)
where m = 0, 1, 2, µ = 1, 2 and I = 1, · · · ,N .
2.1 Gauging the superconformal algebra
The N -extended superconformal algebra in three dimensions, osp(N|4,R), can be
viewed as an extension of the usual N -extended super-Poincare´ algebra,
[Mab,Mcd] = 2ηc[aMb]d − 2ηd[aMb]c , (2.2a)
[Mab, Pc] = 2ηc[aPb] , (2.2b)
{QIα, QJβ} = 2i δIJ(γc)αβPc = 2i δIJPαβ , (2.2c)
[Mαβ , Q
I
γ] = εγ(αQ
I
β) , (2.2d)
4
(with all other commutators vanishing) by introducing additional bosonic and fermionic
generators. The extra bosonic generators are the dilatation (D), special conformal
(Ka) and SO(N ) (NKL) generators, while the additional fermionic generator is the
fermionic special conformal generator2 (SIα). The purely bosonic part of the extension
is given by
[Mab, Kc] = 2ηc[aKb] , [D, Ka] = −Ka , (2.2e)
[Ka, Pb] = 2ηabD + 2Mab , (2.2f)
[NKL, N
IJ ] = 2δI[KNL]
J − 2δJ[KNL]I , (2.2g)
while the part involving fermionic generators is
[D, QIα] =
1
2
QIα , [NKL, Q
I
α] = 2δ
I
[KQαL] , (2.2h)
{SIα, SJβ} = 2iδIJ(γc)αβKc , [SIα, Kb] = 0 , (2.2i)
[Mαβ , S
I
γ ] = εγ(αS
I
β) , [D, S
I
α] = −
1
2
SIα , [NKL, S
I
α] = 2δ
I
[KSαL] , (2.2j)
[Ka, Q
I
α] = −i(γa)αβSIβ , [SIα, Pa] = i(γa)αβQIβ , (2.2k)
{SIα, QJβ} = 2εαβδIJD− 2δIJMαβ − 2εαβN IJ . (2.2l)
All other (anti-)commutators vanish.
It is convenient to denote the generators of the algebra collectively by Xa˜, with
the graded commutators3
[Xa˜, Xb˜} = −fa˜b˜c˜Xc˜ , fa˜b˜c˜ = −(−1)εa˜εb˜fb˜a˜c˜ . (2.3)
The structure constants fa˜b˜
c˜ are graded anti-symmetric. The algebra satisfies the
Jacobi identities
[Xa˜, [Xb˜, Xc˜}}+ (−1)εa˜(εb˜+εc˜)[Xb˜, [Xc˜, Xa˜}}+ (−1)εc˜(εa˜+εb˜)[Xc˜, [Xa˜, Xb˜}} = 0 , (2.4)
which can be compactly written as
f[a˜b˜
d˜f|d˜|c˜}
e˜ = 0 . (2.5)
In order to gauge this algebra, we must draw a distinction between the generators
PA = (Pa, Q
I
α) and the remaining generators Xa, which generate a subgroup H of the
2The fermionic special conformal operator is also known as the S-supersymmetry generator.
3The Grassmann parity of Xa˜ is denoted by εa˜.
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superconformal group. We introduce the vielbein one-form EA = dzMEM
A and the
additional one-forms ωa = dzMωM
a, and we require them to transform under H as
δHE
A = ECΛbfbC
A , δHω
a = dΛa + ECΛbfbC
a + ωcΛbfbc
a . (2.6)
From these connections, we construct the covariant derivative
∇A = EAM∇M = EAM∂M − ωAaXa , ωAa = EAMωMa , (2.7)
where EA
M is the inverse vielbein. As a consequence of eq. (2.6), the action of Xa
on ∇A mimics that of Xa on PA,
[Xa,∇A} = −faPAPB∇B − faPAbXb . (2.8)
Therefore, the covariant derivatives ∇A together with the generators Xa satisfy nearly
the same algebra (2.2) we started with (replacing PA → ∇A), except for the intro-
duction of torsion and curvatures,
[∇A,∇B} = −TABC∇C − RABcXc , (2.9)
which are given respectively by
TA :=
1
2
EC ∧ EBTBCA = dEA − EC ∧ ωb fbCA , (2.10a)
Ra :=
1
2
EC ∧ EBRBCa = dωa −EC ∧ ωb fbCa − 1
2
ωc ∧ ωb fbca . (2.10b)
In particular, the new algebra obeys the Jacobi identities
[Xa, [∇B,∇C}}+ permutations = 0 , (2.11)
which determine the gauge transformations of the torsion and curvatures, and
[∇A, [∇B,∇C}}+ permutations = 0 , (2.12)
which are equivalent to the usual Bianchi identities.
The full gauge group of conformal supergravity, G, consists of covariant general
coordinate transformations, δcgct, associated with a parameter ξ
A and standard super-
conformal transformations,4 δH, denoted by a parameter Λ
a. The latter include the
dilatations, Lorentz transformations, SO(N ) transformations, and special conformal
(bosonic and fermionic) transformations. The covariant derivatives transform as
δG∇A = [K,∇A] , (2.13)
4This terminology follows [17].
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where K denotes the first-order differential operator
K = ξC∇C + ΛaXa . (2.14)
Covariant (or tensor) superfields transform as
δGT = KT . (2.15)
The transformations of the one-forms EA and ωa are
δGE
A = dξA + ωcξBfBc
A + ECξBTBC
A + ECΛbfbC
A , (2.16a)
δGω
a = dΛa + ECΛbfbC
a + ωcΛbfbc
a + ωcξBfBc
a + ECξBRBC
a , (2.16b)
which are equivalent to eq. (2.13).
It is important to note that we have not gauged the algebra in the conventional
sense.5 If we had treated the vielbein EA and the connections ωa on a completely
equivalent footing, we could have introduced the notation
ωa˜ = (EA, ωa) , (2.17)
and postulated the usual gauge transformations
δΛω
a˜ = dΛa˜ + ωc˜Λb˜fb˜c˜
a˜ , Λa˜ = (ζA,Λa) . (2.18)
These coincide with eq. (2.16) for pure H-transformations Λa˜ = (0,Λa), but the
P -gauge transformations (with parameter ζA) do not coincide with covariant dif-
feomorphisms (with parameter ξA) except when the curvature Ra vanishes and the
torsion TBC
A takes the constant value fBC
A.
Nevertheless, it can be extremely advantageous to group our connections together
in this way. The main reason will be that the conventionally-defined curvatures of a
gauge theory
Ra˜ := dωa˜ − 1
2
ωc˜ ∧ ωb˜fb˜c˜a˜ (2.19)
are nearly identical to the actual curvatures defined in eq. (2.10). The H-curvatures
Ra are precisely the same, while the curvature R(P )A associated with PA is simply
the difference between the curved and flat torsions,
R(P )A = TA − 1
2
EC ∧ EBfBCA . (2.20)
5For pedagogical reviews of superconformal supergravity in four dimensions, see e.g. [18, 19, 17].
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Moreover, the curvatures Ra˜ = (R(P )A, Ra) vanish precisely when the superspace
is flat. One can further show that the curvatures Ra˜ transform under the H-gauge
transformations as
δHR
a˜ = Rc˜Λb˜fb˜c˜
a˜ , Λb˜ = (0,Λb) (2.21)
and obey the Bianchi identities
dRa˜ +Rc˜ ∧ ωb˜fb˜c˜a˜ = 0 . (2.22)
These conditions are equivalent, respectively, to eqs. (2.11) and (2.12), and will be
extremely useful for our later construction of the Chern-Simons action.
2.2 N -extended conformal supergravity
Specializing now to N -extended conformal supergravity, the covariant derivatives
have the form
∇A = EAM∂M−ωAbXb = EAM∂M−1
2
ΩA
abMab−1
2
ΦA
PQNPQ−BAD−FABKB , (2.23)
and satisfy the (anti-)commutation relations
[∇A,∇B} = −TABC∇C − 1
2
R(M)AB
cdMcd − 1
2
R(N)AB
PQNPQ
− R(D)ABD−R(S)ABγKSKγ − R(K)ABcKc . (2.24)
The explicit expressions for the torsion and various curvatures follow from eq. (2.10).
We give them in their entirety here for later reference:
T a = dEa + Ea ∧B + Eb ∧ Ωba , (2.25a)
T αI = dE
α
I +
1
2
EβI ∧ Ωc(γc)βα +
1
2
EαI ∧B + EαJ ∧ ΦJI + iEc ∧ FβI (γc)βα , (2.25b)
R(D) = dB + 2Ea ∧ Fa − 2EαI ∧ FIα , (2.25c)
R(M)ab = dΩab + Ωac ∧ Ωcb − 4E[a ∧ Fb] − 2EαI ∧ FβI(γc)αβεcab , (2.25d)
R(N)IJ = dΦIJ + ΦIK ∧ ΦKJ − 4Eα[I ∧ FαJ ] , (2.25e)
R(K)a = dFa − Fa ∧ B + Fb ∧ Ωba + iFαI ∧ FβI(γa)αβ , (2.25f)
R(S)αI = dF
α
I − iEβI ∧ Fa(γa)βα −
1
2
FαI ∧ B +
1
2
F
β
I ∧ Ωc(γc)βα + FαJ ∧ ΦJI . (2.25g)
In order to describe conformal supergravity irreducibly in superspace, it is neces-
sary to constrain the above torsion and curvature tensors. The appropriate constraints
were given in [1] and were based on two principles. First, the curvatures should be
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expressed in terms of a single conformal primary superfield, the N -extended super
Cotton tensor.6 Second, the constraints imposed on the geometry should resemble
super Yang-Mills. These two basic principles turn out to uniquely determine the
torsion and curvatures for all values of N .
Before giving the algebra of covariant derivatives, we should point out one im-
portant feature which is independent of the choice of N . The torsion tensor always
takes its constant flat space value, while the Lorentz and dilatation curvatures always
vanish:7
T a = −iEβ ∧ Eγ(γa)γβ , T αI = 0 ⇐⇒ R(P )A = 0 ; (2.26a)
R(M)ab = 0 , R(D) = 0 . (2.26b)
We now give the covariant derivative algebra, including the explicit form for the
remaining curvatures, for all values of N .
2.2.1 The N = 1 case
The N = 1 super Cotton tensor Wαβγ is a symmetric primary superfield of
dimension-5/2
SδWαβγ = 0 , DWαβγ =
5
2
Wαβγ . (2.27)
The algebra of covariant derivatives is given by
{∇α,∇β} = 2i∇αβ , (2.28a)
[∇a,∇α] = 1
4
(γa)α
βWβγδK
γδ , (2.28b)
[∇a,∇b] = − i
8
εabc(γ
c)αβ∇αWβγδKγδ − 1
4
εabc(γ
c)αβWαβγS
γ . (2.28c)
The Bianchi identities (2.12) imply an additional constraint on Wαβγ : its spinor
divergence must vanish,
∇αWαβγ = 0 . (2.29)
2.2.2 The N = 2 case
The N = 2 super Cotton tensor Wαβ is a symmetric primary superfield of
dimension-2
SIγWαβ = 0 , DWαβ = 2Wαβ . (2.30)
6The super Cotton tensors for N = 1, N = 2 and N = 3 are described by superfields Wαβγ =
W(αβγ), Wαβ = W(αβ) and Wα, which were given in [11], [20, 21] and [1] respectively. For N > 3
the super Cotton tensor is a totally antisymmetric SO(N ) superfield W IJKL =W [IJKL] [4].
7These constraints appear to be the superspace analogue of those in [7, 8].
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As in the N = 1 case, its spinor divergence vanishes,
∇αIWαβ = 0 . (2.31)
The algebra of covariant derivatives is
{∇Iα,∇Jβ} = 2iδIJ∇αβ − iεIJεαβWγδKγδ , (2.32a)
[∇a,∇Jβ ] =
1
2
(γa)β
γεJK∇γKW αδKαδ + i(γa)βγεJKW γδSδK , (2.32b)
[∇a,∇b] = − i
8
εabc(γ
c)γδ
(
εKL(∇γK∇δLWαβKαβ + 4i∇γKWδβSβL)− 8WγδJ
)
,
(2.32c)
where the U(1) generator J obeys
NKL = iεKLJ , J = − i
2
εKLNKL , [J ,∇Iα] = −iεIJ∇αJ . (2.33)
2.2.3 The N = 3 case
The N = 3 super Cotton tensor Wα is a primary superfield of dimension-3/2 with
vanishing spinor divergence,
SIβWα = 0 , DWα =
3
2
Wα , ∇αIWα = 0 . (2.34)
The algebra of covariant derivatives is
{∇Iα,∇Jβ} = 2iδIJ∇αβ − 2εαβεIJLW γSγL + iεαβ(γc)γδεIJK(∇γKWδ)Kc , (2.35a)
[∇a,∇Jβ ] = iεJKL(γa)βγW γNKL + iεJKL(γa)βγ(∇γKW δ)SδL
+
1
4
εJKL(γa)βγ(γ
c)δρ(∇γK∇δLW ρ)Kc , (2.35b)
[∇a,∇b] = εabc(γc)αβ
[
− 1
2
εIJK(∇αIW β)NJK −
1
4
εIJK(∇αI∇βJW γ)SγK
+
i
24
εIJK(γd)γδ(∇αI∇βJ∇γKW δ)Kd
]
. (2.35c)
2.2.4 The N > 3 case
For all values of N > 3, we introduce the super Cotton tensor W IJKL, which is a
totally antisymmetric primary superfield of dimension-1
SPαW
IJKL = 0 , DW IJKL =W IJKL . (2.36)
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The algebra of covariant derivatives is8
{∇Iα,∇Jβ} = 2iδIJ∇αβ + iεαβW IJKLNKL −
i
N − 3εαβ(∇
γ
KW
IJKL)SγL
+
1
2(N − 2)(N − 3)εαβ(γ
c)γδ(∇γK∇δLW IJKL)Kc , (2.37a)
[∇a,∇Jβ ] =
1
2(N − 3)(γa)βγ(∇
γ
KW
JPQK)NPQ
− 1
2(N − 2)(N − 3)(γa)βγ(∇
γ
L∇δPW JKLP )SδK
− i
4(N − 1)(N − 2)(N − 3)(γa)βγ(γ
c)δρ(∇γK∇δL∇ρPW JKLP )Kc ,
(2.37b)
[∇a,∇b] = 1
4(N − 2)(N − 3)εabc(γ
c)αβ
(
i(∇αI∇βJW PQIJ)NPQ
+
i
N − 1(∇
α
I∇βJ∇γKWLIJK)SγL
+
1
2N (N − 1)(γ
d)γδ(∇αI∇βJ∇γK∇δLW IJKL)Kd
)
, (2.37c)
where W IJKL satisfies the Bianchi identity
∇IαW JKLP = ∇[IαW JKLP ] −
4
N − 3∇αQW
Q[JKLδP ]I . (2.38)
For N = 4, the equation eq. (2.38) is trivially satisfied, and instead a fundamental
Bianchi identity occurs at dimension-2. Rewriting the super Cotton tensor as a scalar
superfield, W IJKL := εIJKLW , the Bianchi identity reads
∇αI∇JαW =
1
4
δIJ∇αP∇PαW . (2.39)
For further details about this superspace formulation, we refer the reader to [1].
3 Closed three-forms and locally superconformal
actions
Traditionally, the supersymmetric actions were (and in many cases still are) re-
alized as integrals over the full superspace or its invariant subspaces. A paradigm
shift took place in the late 1990s when the superform (or ectoplasm) approach for
8The algebra for N ≤ 3 can be deduced from that for N > 3 [1].
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the construction of supersymmetric invariants [12, 13, 14] was introduced.9 In the
case of three-dimensional spacetimeM3, which is the body of the N -extended curved
superspace M3|2N , the formalism requires the use of a closed three-form
J =
1
3!
EC ∧ EB ∧ EAJABC = 1
3!
dzR ∧ dzN ∧ dzMJMNR , dJ = 0 . (3.1)
Given such a superform, it is a short calculation to show that the action10
S =
∫
M3
J =
∫
d3x e ∗J|θ=0 , ∗J = 1
3!
εmnpJmnp (3.2)
is invariant under arbitrary general coordinate transformations of the superspace. To
see this we only need to re-iterate the proof given by Hasler in four dimensions [12]
(see also [14]). Under an infinitesimal coordinate transformation (or diffeomorphism)
generated by a vector field ξ = ξAEA = ξ
M∂M , the three-form varies as
δξJ = LξJ ≡ iξdJ+ diξJ = diξJ . (3.3)
Since the variation δξJ is an exact form, the action S is indeed invariant under general
coordinate transformations provided the components ξM vanish at the boundary of
the spacetime M3.
In N -extended conformal supergravity, suitable actions must also be invariant
under the standard superconformal transformations. If the closed three-form J also
transforms by an exact form under the standard superconformal transformations,
δHJ = dΘ(Λ
a) , Λ = ΛaXa , (3.4)
then the functional (3.2) is a suitable candidate for an action. The explicit structure
of the two-form Θ(Λa) is constrained due to the fact that the standard superconfor-
mal transformations form a closed algebra. As will be shown below, the conformal
supergravity actions with N < 6 provide examples of closed three-forms with a non-
zero Θ. As concerns locally superconformal matter actions, in most cases they are
associated with closed invariant three-forms such that
δHJ = 0 . (3.5)
9The ectoplasm approach has become a powerful tool for the construction and analysis of coun-
terterms in extended supergravity theories, see [22, 23] and references therein. The ectoplasm
approach proves to be equivalent to the rheonomic formalism [15] which was developed several years
earlier. Unfortunately, the latter approach remained unknown to many superspace practitioners.
10The Levi-Civita tensor with world indices is defined as εmnp := εabcea
meb
nec
p.
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This is expected to be the case for the super-Weyl invariant action functionals con-
structed in [5] for the cases N < 5. Implications of the invariance condition (3.5) are
spelled out in Appendix A.
As an example of a closed invariant three-form, we choose N = 1 and lift the
super-Weyl invariant three-form constructed in [11] to the conformal superspace.11
The result is
Ξ =
i
2
Eγ ∧ Eβ ∧ Ea(γa)βγL + 1
4
Eγ ∧ Eb ∧ Eaεabc(γc)γδ∇δL
− i
24
Ec ∧ Eb ∧ Eaεabc∇δ∇δL , (3.6)
where the real scalar L is a primary superfield of dimension-2. It is an instructive
exercise to check explicitly that this form is closed, d Ξ = 0, and obeys the invariance
condition (3.5).
The appropriate closed three-form J for the action of conformal supergravity may
be found with the use of two specific three-forms. These are the Chern-Simons and
curvature induced three-forms.12
To construct the Chern-Simons three-form, we have to make use of a non-degenerate
Cartan-Killing metric of the N -extended superconformal algebra (2.2). The Cartan-
Killing metric13 can be defined in terms of the structure constants as
Γa˜b˜ = fa˜d˜
c˜fb˜c˜
d˜(−1)εc˜ . (3.7)
It possesses the following algebraic properties
Γa˜b˜ = (−1)εa˜εb˜Γb˜a˜ , (3.8a)
fa˜b˜
d˜Γd˜c˜ = −(−1)εb˜εc˜fa˜c˜d˜Γd˜b˜ . (3.8b)
From the above relations we see that the structure constants with all indices lowered
fa˜b˜c˜ := fa˜b˜
d˜Γd˜c˜ (3.9)
are graded antisymmetric.
11The three-form (3.5) was originally introduced in [24]. However, the authors of [24] did not
notice super Weyl invariance of the form.
12The approach here is a generalization of the method proposed in [11], which in turn is a gener-
alization of the ectoplasm formulation for the linear multiplet in four-dimensional N = 2 conformal
supergravity [16].
13For certain special cases this expression may vanish, in which case the fundamental representa-
tion must be used to define the metric, see Appendix B.
13
Using the Cartan-Killing metric we can construct a gauge invariant closed four-
form
〈R2〉 := Rb˜ ∧ Ra˜Γa˜b˜ , d〈R2〉 = 0 . (3.10)
The superform 〈R2〉 is H-gauge invariant14
δH〈R2〉 = 0 , (3.11)
by virtue of the eqs. (2.21) and (3.8b), while its closure
d〈R2〉 = 0 (3.12)
is the result of the eqs. (2.22) and (3.8b). Extracting a total exterior derivative from
〈R2〉 gives us the Chern-Simons three-form
ΣCS = R
b˜ ∧ ωa˜Γa˜b˜ +
1
6
ωc˜ ∧ ωb˜ ∧ ωa˜fa˜b˜c˜ , dΣCS = 〈R2〉 . (3.13)
Since ΣCS has been constructed by extracting a total exterior derivative from 〈R2〉 it
can only transform by a closed form under the standard superconformal transforma-
tions. In fact, it transforms by an exact form under the H-gauge group
δHΣCS = d(dω
b˜Λa˜Γa˜b˜) , Λ
a˜ = (0,Λa) . (3.14)
If the off-shell action for conformal supergravity comes from a closed three-form J,
the old component results [7, 8, 9] tell us that a part of J should be the Chern-Simons
three-form. Then we must have
J = ΣCS − ΣR , (3.15)
where ΣR =
1
3!
EC ∧ EB ∧ EAΣABC is another solution to the superform equation
dΣR = 〈R2〉 . (3.16)
In some cases 〈R2〉 proves to vanish (as will be discussed below, this is actually true for
N = 1 and N = 2) and then the Chern-Simons three-form is closed automatically,
dΣCS = 0, and thus ΣR = 0. If however 〈R2〉 6= 0, then ΣR is expected to be an
invariant three-form,
δHΣR = 0 . (3.17)
In accordance with the analysis in Appendix A, this implies that (i) ΣABC is a tensor
under the local Lorentz and SO(N ) groups; and (ii) the lowest (by dimension) non-
zero component of ΣABC is a primary superfield. These results mean that ΣR is
14Keep in mind that a covariant general coordinate transformation δcgct is a combination of a
coordinate transformation and a special choice of H-gauge transformation.
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constructed in terms of the super Cotton tensor and its covariant derivatives. We
will refer to ΣR as the curvature induced three-form.
15 The curvature induced form
appears to exist only for special values of N .
4 Conformal supergravity actions
In this section, we first elaborate on the Chern-Simons form for general N and
then construct the curvature induced forms for N < 6. The resulting three-forms
will live on the full superspace M3|2N . We address their restriction to the bosonic
manifold M3 and the explicit construction of the corresponding component actions
in section 6.
4.1 The Chern-Simons three-form
In order to compute 〈R2〉 and the Chern-Simons form, it is necessary to evaluate
the components of the Cartan-Killing metric Γa˜b˜. One finds that the only non-zero
components of the Cartan-Killing metric are
ΓMabMcd , ΓPaKb = ΓKbPa , ΓDD , ΓQIαSJβ = −ΓSJβQIα , ΓNIJNKL . (4.1)
They may be computed directly from the definition (3.7). One finds16
Γa˜b˜ = (N − 6)Γa˜b˜ , (4.2a)
where
ΓMabMcd = 2ηa[cηd]b , ΓKbPa = 2ηab , ΓDD = −1 , (4.2b)
ΓQIαSJβ
= 4δIJεαβ , ΓNIJNKL = −4δK[IδJ ]L . (4.2c)
These components may be compared with those derived in [7, 8, 10] (see also Appendix
B).
To avoid awkward factors of N −6, it is convenient to introduce the renormalized
Chern-Simons form
ΣCS =
1
N − 6ΣCS = R
b˜ ∧ ωa˜Γa˜b˜ +
1
6
ωc˜ ∧ ωb˜ ∧ ωa˜f a˜b˜c˜ , (4.3)
15This was called the torsion induced three-form and denoted by ΣT in [11].
16The the Cartan-Killing metric vanishes for N = 6 in the adjoint representation but it remains
non-degenerate for any N in the fundamental representation, see Appendix B. More generally, the
Cartan-Killing metric of the superalgebra osp(n|2m,R), with n and m positive integers, vanishes for
n− 2m = 2 in the adjoint representation [25], see [26] for a review.
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where f a˜b˜c˜ = fa˜b˜
d˜Γd˜c˜. We will associate with the Chern-Simons form the renormalized
closed form J = 1
N−6
J.
It is now a straightforward task to construct ΣCS. Using the constraints on the
curvatures, we find for the first term in eq. (4.3),
Rb˜ ∧ ωa˜Γa˜b˜ = −R(N)IJ ∧ ΦIJ + 2R(K)a ∧ Ea − 4R(S)αI ∧ EαI . (4.4)
Making use of the identities
R(K)a ∧ Ea = iEa ∧ FαI ∧ FβI (γa)αβ − iEαI ∧ EβI ∧ Fa(γa)αβ − d(Fa ∧ Ea) , (4.5a)
R(S)αI ∧ EαI = −iEαI ∧ EβI ∧ Fa(γa)αβ + iEa ∧ FαI ∧ FβI (γa)αβ + d(FIα ∧ EαI ) ,
(4.5b)
which follow from eq. (2.25) and the constraints (2.26a), we can rewrite eq. (4.4) as
Rb˜ ∧ ωa˜Γa˜b˜ = −RIJ ∧ ΦIJ − 2iEa ∧ FαI ∧ FβI (γa)αβ
+ 2iEαI ∧ EβI ∧ Fa(γa)αβ + exact form . (4.6)
The second term in eq. (4.3) is given by the sum of the following terms:
1
24
Ωab ∧ ωb˜ ∧ ωa˜(fa˜b˜McdΓMcdMab) = −
1
6
Ωc ∧ Ωb ∧ Ωaεabc + 2
3
Ec ∧ Fb ∧ Ωaεabc
+
2
3
EαI ∧ FβI ∧ Ωa(γa)αβ , (4.7a)
1
6
Ea ∧ ωb˜ ∧ ωa˜(fa˜b˜KbΓKbPa) =
2
3
Ec ∧ Fb ∧ Ωaεabc − 2i
3
Ea ∧ FαI ∧ FβI(γa)αβ
+
2
3
Ea ∧ Fa ∧B , (4.7b)
1
6
Fa ∧ ωb˜ ∧ ωa˜(fa˜b˜PbΓPbKa) = −
2i
3
EαI ∧ EβI ∧ Fa(γa)αβ +
2
3
Ec ∧ Fb ∧ Ωaεabc
+
2
3
Ea ∧ Fa ∧B , (4.7c)
1
6
EαI ∧ ωb˜ ∧ ωa˜(fa˜b˜S
J
βΓSJ
β
QIα
) =
2
3
EαI ∧ FβI ∧ Ωa(γa)αβ −
4i
3
EαI ∧ EβI ∧ Fa(γa)αβ
− 4
3
EαI ∧ FαJ ∧ ΦIJ −
2
3
EαI ∧ FIα ∧B , (4.7d)
1
6
F
β
J ∧ ωb˜ ∧ ωa˜(fa˜b˜Q
I
αΓQIαSJβ
) = −4i
3
Ea ∧ FαI ∧ FβI(γa)αβ +
2
3
EαI ∧ FβI ∧ Ωa(γa)αβ
− 4
3
EαI ∧ FαJ ∧ ΦIJ −
2
3
EαI ∧ FIα ∧B , (4.7e)
1
24
ΦIJ ∧ ωb˜ ∧ ωa˜(fa˜b˜NKLΓNKLNIJ ) =
1
3
ΦIJ ∧ ΦIK ∧ ΦKJ − 4
3
EαI ∧ FαJ ∧ ΦIJ , (4.7f)
1
6
B ∧ ωb˜ ∧ ωa˜(fa˜b˜DΓDD) =
2
3
Ea ∧ Fa ∧ B − 2
3
EαI ∧ FIα ∧ B . (4.7g)
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The full Chern-Simons form is
ΣCS =− 1
6
Ωc ∧ Ωb ∧ Ωaεabc + 2Ec ∧ Fb ∧ Ωaεabc − 4iEa ∧ FαI ∧ FβI (γa)αβ
+ 2EαI ∧ FβI ∧ Ωa(γa)αβ − RIJ ∧ ΦIJ +
1
3
ΦIJ ∧ ΦIK ∧ ΦKJ
− 4EαI ∧ FαJ ∧ ΦIJ + 2Ea ∧ Fa ∧ B − 2EαI ∧ FIα ∧ B + exact form . (4.8)
This result can be further simplified by using the explicit expressions for the curva-
tures R(M)ab and R(N)IJ in eq. (2.25). Since the superconformal Lorentz curvature
R(M)ab vanishes, we find
ΣCS = −Rˆa ∧ Ωa − 1
6
Ωc ∧ Ωb ∧ Ωaεabc − 4iEa ∧ FαI ∧ FβI (γa)αβ − RˆIJ ∧ ΦIJ
+
1
3
ΦIJ ∧ ΦIK ∧ ΦKJ + 2Ea ∧ Fa ∧ B − 2EαI ∧ FIα ∧ B + exact form , (4.9)
where
Rˆab := dΩab + Ωac ∧ Ωcb , RˆIJ := dΦIJ + ΦIK ∧ ΦKJ , (4.10)
correspond to the Riemann and non-conformal SO(N ) curvature tensors.
Some comments are necessary here about the simplifications which occur for small
values of N . For N = 1, the SO(N ) connection vanishes, giving
ΣCS = −Rˆa ∧ Ωa − 1
6
Ωc ∧ Ωb ∧ Ωaεabc − 4iEa ∧ Fα ∧ Fβ(γa)αβ
+ 2Ea ∧ Fa ∧ B − 2Eα ∧ Fα ∧ B + exact form . (4.11)
Moreover, 〈R2〉 = 0, and so the Chern-Simons form is closed,
J = ΣCS , (4.12)
without the need for the additional curvature induced form. The corresponding action
may be constructed straightforwardly.
The closed form J was first constructed for N = 1 in [11] using the superspace
formulation of [5]. To compare that result to eq. (4.9), we must degauge conformal
superspace to the superspace of [5], following the procedure detailed in [1]. After
adopting the gauge BA = 0, all the special conformal connections may be expressed
in terms of additional torsion superfields, such as a real superfield S. Adding to J
the exact form
2d(SEa ∧ Ωa) = 2dS ∧ Ea ∧ Ωa + 2ST a ∧ Ωa − 2SEc ∧ Ωb ∧ Ωaεabc
+ 2SEa ∧ Eα ∧ Fβ(γa)αβ , (4.13)
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where T a is the torsion two-form of [5], we find
J =− 1
6
Ωc ∧ Ωb ∧ Ωaεabc − 2SEc ∧ Ωb ∧ Ωaεabc + 2Ec ∧ Fb ∧ Ωaεabc
+ 2dS ∧ Ea ∧ Ωa − 4iEa ∧ Fα ∧ Fβ(γa)αβ + 2Eα ∧ Fβ ∧ Ωa(γa)αβ
+ 2ST a ∧ Ωa + 2SEa ∧ EαI ∧ FβI(γa)αβ + exact form . (4.14)
This result can be shown to match the closed form given in [11] up to an exact form
(and up to conventions).
There are also some simplifications which occur for N = 2. The term with three
SO(2) connections vanishes identically, giving
ΣCS = −Rˆa ∧ Ωa − 1
6
Ωc ∧ Ωb ∧ Ωaεabc − 4iEa ∧ FαI ∧ FβI (γa)αβ
− RˆIJ ∧ ΦIJ + 2Ea ∧ Fa ∧B − 2EαI ∧ FIα ∧B + exact form . (4.15)
We again find 〈R2〉 = 0 since the SO(2) curvature only appears at dimension 2 in the
covariant derivative algebra (2.32). The Chern-Simons form is again closed without
the need to introduce a curvature induced form.
For N > 2 one finds (using the constraints on the curvatures as well as on the
Cartan-Killing metric) that
〈R2〉 = (6−N )R(N)IJ ∧ R(N)IJ , (4.16)
which is non-vanishing in general. Hence, it is necessary to introduce the curvature
induced three-form. In the next subsection, we will explicitly construct such a three-
form for N = 3, 4, and 5.
4.2 The curvature induced three-form
We wish to find a solution to17
dΣR = (6−N )R(N)IJR(N)IJ , (4.17)
where ΣR is a covariant three-form built entirely out of the curvature components.
For our construction we will find it is useful to use the renormalized curvature induced
form
ΣR =
1
N − 6ΣR , (4.18)
17In this subsection all wedge products are implicit.
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which satisfies the superform equation
dΣR = −R(N)IJR(N)IJ . (4.19)
Then the closed form J is given by
J = ΣCS −ΣR . (4.20)
4.2.1 The N = 3 case
The expression on the right hand side of eq. (4.19) is
R(N)IJR(N)IJ =
1
4
EδLE
γ
KE
bEaεabc
[
16δKL(γc)γδW
ρWρ
]
+
1
6
EδLE
cEbEaεabc
[
− 8i∇Lδ (W γWγ)
]
, (4.21)
which involves only the N = 3 super Cotton tensor Wα. The curvature induced
three-form ΣR should be a solution to eq. (4.19),
− (R(N)KLR(N)KL)ABCD = 4∇[AΣBCD} + 6T[ABEΣ|E|CD} . (4.22)
where ΣABC := (ΣR)ABC involves only the components of Wα itself and transforms
covariantly under H. Taking into account the dimension of Wα, the only possible
solution is
ΣIα
J
β
K
γ = Σa
J
β
K
γ = Σab
K
γ = 0 , Σabc = −8 i εabcW γWγ , (4.23)
where the constant of proportionality is set by explicitly checking eq. (4.22). It is
easy to see by inspection that the three-form ΣR is indeed H-invariant.
4.2.2 The N > 3 case
For all cases N > 3, the superspace geometry involves the super Cotton tensor
W IJKL, and the expression on the right hand side of eq. (4.19) is generically given
by
R(N)IJR(N)IJ =
1
24
EδLE
γ
KE
β
JE
α
I
[
− 24εαβεγδW PQIJWKLPQ
]
+
1
6
EδLE
γ
KE
β
JE
a
[ 12i
(N − 3)εγδ(γa)βρW
PQKL(∇ρIWPQJI)
]
+
1
4
EδLE
γ
KE
bEaεabc
[
− 2
(N − 3)2 εγδ(γ
c)ρτ (∇ρIW PQKI)(∇τJWPQLJ)
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− 2
(N − 3)2 (γ
c)γδ(∇ρIW PQKI)(∇ρJWPQLJ)
− 2
(N − 2)(N − 3)εγδ(γ
c)ρτWPQ
KL(∇ρI∇τJW PQIJ)
]
+
1
6
EδLE
cEbEaεabc
[
− 2i
(N − 2)(N − 3)2 (∇
ρ
IW
PQLI)(∇δM∇ρNWPQMN)
]
.
(4.24)
Now it is not so straightforward to solve eq. (4.19),
− (R(N)KLR(N)KL)ABCD = 4∇[AΣBCD} + 6T[ABEΣ|E|CD} . (4.25)
This is because if we require ΣR to be built only out ofW
IJKL, then the only possible
ansatz for the lowest components is
ΣIα
J
β
K
γ = 0 , Σa
J
β
K
γ = i (γa)βγ
(
AδJKW ILPQWILPQ +BW
LPQJWLPQ
K
)
, (4.26)
where A and B are unknown constants.18 By using eqs. (4.26) and (4.24), the lowest
dimensional equation in eq. (4.25) turns out to be equivalent to the following equation
0 = EδLE
γ
KE
β
JE
α
I εαβεγδ
(
−W PQIJWKLPQ + AW PQRSWPQRSδJ [KδL]I
+BW PQRJWPQR
[KδL]I
)
. (4.27)
For N > 5, the first term in this equation contains a double traceless contribution of
the form (
δR[Kδ
[I
|S| −
1
N δ
R
S δ
[I
[K
)(
δ
|T |
L] δ
J ]
U −
1
N δ
J ]
L]δ
T
U
)
W SUPQWRTPQ , (4.28)
which cannot be cancelled by the second and third terms in eq. (4.27). As a result,
we specialize to the N = 4 and N = 5 cases here where this contribution is identically
zero.
4.2.3 The N = 4 case
In this case, the super Cotton tensor can be written as
W IJKL = εIJKLW . (4.29)
18The ansatz is quadratic in the super Cotton tensor and such that ΣIα
J
β
K
γ = 0. One might
wonder whether contributions linear in W IJKL can occur. In this case, the lowest component of
ΣR should be non-zero and proportional to ∇αPW JKLP . However, since the only possible algebraic
combination is ΣIα
J
β
K
γ ∝ ε[αβ∇γ]PW JKLP = 0, this possibility is ruled out.
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Then eq. (4.24) reduces to
R(N)IJR(N)IJ =
1
24
EδLE
γ
KE
β
JE
α
I
[
− 96εαβεγδδI[KδL]JW 2
]
+
1
6
EδLE
γ
KE
β
JE
a
[
48iεγδ(γa)βρδ
J [K(∇ρL]W )W
]
+
1
4
EδLE
γ
KE
bEaεabc
[
− 4εγδ(γc)ρτ (∇Kρ W )(∇LτW )− 4(γc)γδδKL(∇ρPW )(∇PρW )
+ 4(γc)γδ(∇ρKW )(∇LρW )− 4εγδ(γc)ρτ (∇[Kρ ∇L]τ W )W
]
+
1
6
EδLE
cEbEaεabc
[
− 4i(∇ρPW )(∇[Lδ ∇P ]ρ W )
]
. (4.30)
The ansatz
ΣIα
J
β
K
γ = 0 , Σa
J
β
K
γ = B i δ
JK(γa)βγW
2 , (4.31)
with an undetermined constant B turns out to solve the constraint (4.25). Using the
following consequences of eq. (2.39)
∇Iα∇JβW =∇[I(α∇J ]β)W + iδIJ∇αβW +
1
8
εαβδ
IJ∇γP∇PγW , (4.32a)
∇Iα∇[Jβ ∇K]γ W = −
1
6
εIJKMε
MLPQ∇(αL∇βP∇γ)QW
+ 2iδI[J∇(αβ∇K]γ)W −
8
3
iδI[Jεα(β∇γ)δ∇δK]W , (4.32b)
∇Iα∇ρQ∇QρW =− 8i∇αδ∇δIW , (4.32c)
we find the solution
ΣIα
J
β
K
γ = 0 , Σa
J
β
K
γ = − 4i (γa)βγδJKW 2 , ΣabKγ = 2εabc(γc)γδ(∇δKW 2) ,
Σabc = 2i εabc(∇ρPW )(∇PρW ) +
i
2
εabcW (∇ρP∇PρW ) . (4.33)
4.2.4 The N = 5 case
The super Cotton tensor may now be written as
W IJKL = εIJKLPWP , (4.34)
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and eq. (4.24) becomes
R(N)IJR(N)IJ =
1
24
EδLE
γ
KE
β
JE
α
I
[
− 96εαβεγδ
(
δIKδJLW 2 − 2δIKW JWL
)]
+
1
6
EδLE
γ
KE
β
JE
a
[
24iεγδ(γa)βρ
(
2δJK(∇ρ[LW S])WS + (∇ρ[KWL])W J
)]
+
1
4
EδLE
γ
KE
bEaεabc
[
− 4εγδ(γc)ρτδKP (∇ρ[PWQ])(∇τ [LWQ])
− 2(γc)γδδKL(∇ρ[PWQ])(∇[Pρ WQ])
+ 4(γc)γδδ
KP (∇ρ[PWQ])(∇[Lρ WQ])
− 4εγδ(γc)ρτ (∇[Kρ ∇LτW P ])WP
]
+
1
6
EδLE
cEbEaεabc
[
− 2i(∇ρ[PWQ])(∇[Lδ ∇PρWQ])
]
. (4.35)
We make the ansatz
ΣIα
J
β
K
γ = 0 , Σa
J
β
K
γ = i(γa)βγ
(
BδJKW 2 + CW JWK
)
, W 2 := W IWI (4.36)
with B and C arbitrary constants. With the help of the identities
∇IαW J =
1
5
δIJ∇PαWP +∇[IαW J ] , (4.37a)
∇γJ∇γ[JWI] = 4
3
∇γP∇PγWI , (4.37b)
∇Iα∇[Jβ WK] = ∇[I(α∇Jβ)WK] −
1
3
εαβ∇γP∇PγW [JδK]I − 2i∇αβW [JδK]I , (4.37c)
∇Iα∇JβWJ = −
5
6
εαβ∇γP∇PγW I + 5i∇αβW I , (4.37d)
∇Iα∇γP∇PγW J = 6i∇αβ∇[IβW J ] −
6
5
iδIJ∇αβ∇PβWP + 3iεIJKLPWK∇αLWP , (4.37e)
which are consequences of eq. (2.38) for N = 5, we find the solution
ΣIα
J
β
K
γ = 0 , (4.38a)
Σa
J
β
K
γ = − i(γa)βγ
(
4δJKW 2 − 8W JWK
)
, (4.38b)
Σab
L
δ = − 4εabc(γc)δρ
(
(∇[Lρ W S])WS −
1
5
(∇PρWP )WL
)
, (4.38c)
Σabc = − iεabc
( 2
25
(∇ρPWP )(∇QρWQ)− (∇ρ[PWQ])(∇[Pρ WQ])−
2
3
(∇ρP∇PρW S)WS
)
.
(4.38d)
With the closed three-forms constructed in this section, we can build the off-shell
N < 6 conformal supergravity actions. So far, the only missing ingredient to the
construction is the explicit component structure of the N < 6 Weyl multiplets. This
will be our goal in the next section.
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5 The Weyl multiplet
In this section, we elaborate on the component structure of the conformal super-
space of [1], which will correspond to the Weyl multiplet. Although we will mainly
be interested in the cases where N < 6, for which we can explicitly construct the
off-shell conformal supergravity action, the results here will hold for general N .
5.1 Component fields
The N -extended Weyl multiplet in three dimensions may be extracted from the
superspace structure via component projections. It involves a set of gauge one-forms:
the vielbein em
a, the gravitino ψm
α
I , the SO(N ) gauge field VmIJ and the dilatation
gauge field bm. They appear in the superspace formulation as the lowest components
of their corresponding superforms,
em
a := Em
a| , ψmαI := 2EmαI | , VmIJ := ΦmIJ | , bm := Bm| , (5.1)
where the bar projection [27, 28, 29] of a superfield V (z) = V (x, θ) is defined by
the standard rule V | := V (x, θ)|θ=0. The remaining connection fields turn out to be
composite, and are built out of other fields. These are the spin connection ωm
ab and
the special conformal and S-supersymmetry connections fm
a and φm
I
α,
ωm
ab := Ωm
ab| , fma := Fma| , φmIα := 2FmIα| . (5.2)
Using the higher-θ parts of the superspace diffeomorphisms and H-gauge trans-
formations, we can impose a Wess-Zumino gauge where we fix the θ expansions of
the super one-forms, as well as the lowest components of the spinor vielbein Eµ
A and
connection ωµ
a, so that they are completely determined by the lowest components
of the fields defined in eqs. (5.1) and (5.2) as well as the components of the super
Cotton tensor.19 Therefore, this is the entire physical field content of the superspace
geometry of [1].
For N = 1 and N = 2 it is possible to show that the number of bosonic and
fermionic degrees of freedom in eq. (5.1) are the same without the need to introduce
additional fields [7, 8]. However, for N > 2 such fields are necessary to ensure the
theory is off-shell. Since one can deduce the lower N cases from the N > 3 case, we
will first focus on the N > 3 case.
19Technically this is equivalent to making use of the so-called double bar projection [30, 31].
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For N > 3 the additional fields are encoded in the super Cotton tensor W IJKL
[32, 33]. The independent fields may be deduced by taking spinor derivatives of
W IJKL and using the Bianchi identity (2.38), to eliminate algebraically dependent
combinations. We then define the component fields as20
wIJKL := WIJKL| , (5.3a)
wα
IJK := − i
2(N − 3)∇αLW
IJKL| , (5.3b)
wαβ
IJ :=
i
2(N − 2)(N − 3)∇(αK∇β)LW
IJKL| , (5.3c)
wαβγ
I :=
i
(N − 1)(N − 2)(N − 3)∇(αJ∇βK∇γ)LW
IJKL| , (5.3d)
wαβγδ := − 1N (N − 1)(N − 2)(N − 3)∇(αI∇βJ∇γK∇δ)LW
IJKL| , (5.3e)
yIJKL :=
i
N − 3∇
γ[I∇γPW JKL]P | , (5.3f)
Xα1···αn
I1···In+4 := I(n)∇[I1(α1 · · ·∇Inαn)W In+1···In+4]| , (5.3g)
where we define the factor I(n) by21
I(n) =

i , n = 1, 2 (mod 4)1 , n = 3, 4 (mod 4) . (5.4)
These fields, when organized by dimension, diagrammatically form the following tower
[32, 33]:
wI1···I4
 
 ✠
❅
❅❘
Xα
I1···I5 wα
I1I2I3
 
 ✠
❅
❅❘
 
 ✠
❅
❅❘
Xα1α2
I1···I6 yI1···I4 wα1α2
I1I2
 
 ✠
❅
❅❘
· · · wα1α2α3I1
 
 ✠
❅
❅❘
Xα1···αN−4
I1···IN wα1···α4
Figure 1. N -extended super Cotton tensor
20It is possible to show that one can omit the symmetrization in the definition of wαβ
IJ , wαβγ
I
and wαβγδ.
21The factor I(n) is needed to ensure the fields Xα1···αn
I1···In+4 are real.
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The arrows connecting the various independent components correspond to the action
of Q-supersymmetry, which raises the dimension by 1/2 as we proceed downward.
The left hand branch terminates at n = N − 4, and therefore the first term of this
branch shows up at N = 5. The right hand branch, however, is composed of the
projections of curvatures that appear in the covariant derivative algebra. As a result,
the components fields wαβ
IJ , wαβγ
I and wαβγδ are constrained by the geometry to be
composite. To see this, we note that they may be expressed in terms of the curvatures
appearing in the commutator of two vector covariant derivatives,22
wc
IJ = −1
2
R(N)c
IJ | , wcKγ = −2R(S)cKγ | ,
wab :=
1
4
(γa)
αβ(γb)
γδwαβγδ = −2R(K)a,b| . (5.5)
Their component expressions are derived in Appendix C. The case N = 8 is especially
interesting since one can impose either a self-dual or anti-self-dual condition on the
super Cotton tensor; this amounts to equating the terms in the left and right branches
[33].
It should be mentioned that the coefficients in the definitions (5.3) were chosen so
that we can easily extract the component results for lower N from the higher ones. All
we must do is follow the prescription given in section 4 of Ref. [1]. We independently
switch off the components with more than N SO(N ) indices and define
εI1···INwα1···α4−N := wα1···α4−N
I1···IN . (5.6)
Then we find that the N = 1 components of the Cotton tensor are
wαβγ :=Wαβγ | , wαβγδ := i∇(αWβγδ)| , (5.7)
while for N = 2 we have
wαβ := Wαβ | , wαβγI := 2εIJ∇(αJWβγ)| , wαβγδ := iεIJ∇I(α∇JβWγδ)| , (5.8)
which must all be composite. For N = 3 the component fields of the super Cotton
tensor are
wα :=Wα| , wαβIJ := −εIJK∇(αKWβ)| , wαβγI := −εIJK∇(αJ∇βKWγ)| , (5.9a)
wαβγδ := − i
3
εIJK∇I(α∇Jβ∇Kγ Wδ)| , (5.9b)
22The curvatures appearing in these expressions are Hodge duals, using the normalization F a =
1
2ε
abcFbc for a two-form Fbc [1].
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where the only auxiliary field is wα and all other components are composite.
Before moving on, we would like to mention that the supersymmetry transforma-
tions of the component fields may be derived efficiently from conformal superspace.
In Appendix D we give the supersymmetry transformations relevant to our consider-
ations.
5.2 Analysis of the curvature constraints
We have already mentioned that in the covariant derivative algebra (2.37), the
torsion tensor takes its constant value, while the Lorentz and dilatation curvatures
vanish. These constraints imply certain relations on the gauge fields: in particular,
they algebraically constrain the spin connection ωm
ab, the S-supersymmetry connec-
tion φm
α
I and the special conformal connection fm
a to be composite. In this subsection,
we analyze these curvature constraints and give the explicit algebraic solutions for
the composite connections in our conventions.
5.2.1 Vector torsion
The vector torsion is given by eq. (2.25a). The projection of its lowest component
is
Tmn
c| = 2∂[men]c + 2ω[mn]c + 2b[men]c . (5.10)
Since the only non-vanishing covariant torsion is T Iα
J
β
c = −2iδIJ(γc)αβ, we find23
Tmn
c| = − i
2
(ψImγ
cψnI) , (5.11)
so we have
−Cabc + 2ω[ab]c + 2b[aηb]c = − i
2
(ψIaγcψbI) , (5.12)
where ψa
I
α := ea
mψm
I
α and Cabc := −2eamebn∂[men]c. This allows us to solve for the
spin connection in terms of the vielbein, gravitino and dilatation connection,
ωabc = ω(e)abc − i
4
(ψa
IγcψbI − ψbIγaψcI + ψcIγbψaI) + 2b[bηc]a , (5.13)
where
ω(e)abc =
1
2
(Cabc + Ccab − Cbca) (5.14)
is the contribution to the spin connection solely from the vielbein.
23We use here the identity Fmn = Em
AEn
BFAB(−1)εAεB for a two-form F .
26
5.2.2 Spinor torsion
The spinor torsion is given by eq. (2.25b), and its projection to lowest component
is
Tmn
α
I | = D[mψn]αI + iφ[mβI (γn])βα , (5.15)
where
DmψnαI = ∂mψnc +
1
2
ψn
β
Iωm
c(γc)β
α +
1
2
bmψn
α
I − VmIJψnαJ (5.16)
and γm = em
aγa.
Now since the spinor torsion vanishes at all mass dimensions,
Tmn
α
I | = 0 , (5.17)
one finds a relation between the gravitino field strength and the S-supersymmetry
connection:
Ψab
α
I := 2e[a
meb]
nDmψnαI = −2iφ[aβI (γb])βα , φaβJ := eamφmβJ . (5.18)
This equation algebraically determines φa
α
I :
φa
α
I =
i
2
(γb)β
αΨab
β
I +
i
4
εa
bcΨbc
α
I . (5.19)
5.2.3 Dilatation curvature
Taking the projection of the dilatation curvature (2.25c), we find
R(D)mn| = 2∂[mbn] + 4f[mn] + ψ[mαI φn]Iα . (5.20)
Because this quantity is constrained to vanish,
R(D)mn| = 0 , (5.21)
the antisymmetric part of the special conformal connection is determined to be
f[ab] = −1
2
ea
meb
n∂[mbn] − 1
4
ψ[a
α
I φb]
I
α . (5.22)
5.2.4 Lorentz curvature
Finally, we address the Lorentz curvature, eq. (2.25d). Its projection can be
written
R(M)mn
ab| = 2∂[mωn]ab − 2ω[macωn]cb + 8e[m[afn]b] + ψ[mαI φn]βI(γc)αβεcab . (5.23)
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Constraining this to vanish leads to
0 = R(M)ab
cd| = Rabcd + 8δ[c[afb]d] + ψ[aαI φb]βI(γf)αβεfcd , (5.24)
where Rabcd is the Lorentz curvature constructed solely from the spin connection,24
Rabcd = 2eamebn∂[mωn]ab − 2ω[acfωb]f d . (5.25)
Contracting b with d in eq. (5.24) gives
0 = Rab + 2fab + 2ηabfcc − 1
2
εb
cdψc
α
I φd
βI(γa)αβ +
1
2
ηabε
cdeψc
α
I φd
βI(γe)αβ , (5.26)
which may be solved for the special conformal connection
fab = −1
2
Rab + 1
8
ηabR+ 1
4
εb
cd(γa)αβψc
α
I φd
βI − 1
8
ηabε
defψd
α
I φe
βI(γf)αβ . (5.27)
As a consistency check, we note that eq. (5.19) and the explicit definition of the spin
connection implies that
f[ab] = −1
2
ea
meb
n∂[mbn] − 1
4
ψ[a
α
I φb]
I
α , (5.28)
which agrees with eq. (5.22).
The results derived so far are all we need to construct the component actions. The
analysis of the SO(N ), S-supersymmetry and special conformal curvatures remains.
This will give explicit expressions for the composite component fields of the super
Cotton tensor but yield no new results, so we confine that discussion to Appendix C.
6 Off-shell component actions
In section 4 we constructed the appropriate closed forms which describe the off-
shell conformal supergravity actions for N < 6. All that remains is to make use of
the component results of the previous section to explicitly construct these actions.
This is our goal in this section.
24We caution the reader that Rabcd does not possess the usual symmetries of the Riemann tensor;
in particular, its corresponding Ricci tensor Rac = ηbdRabcd is not symmetric in general.
28
6.1 The Chern-Simons contribution
We first write down the Chern-Simons contribution to the action, which has a
universal form for all values of N , aside from obvious truncations at N = 1 and
N = 2. It helps at this point to recall that bm is the only fundamental field in the
Chern-Simons action that transforms under K. As the action is K-invariant up to a
total derivative, it follows that the dependence on bm must drop out [8]. Equivalently,
we can simply adopt the K-gauge bm = 0. Using the action (3.2) and the Chern-
Simons form (4.9), we find the Chern-Simons contribution to be
SCS =
1
4
∫
d3x e εabc
(
ωa
fgRbcfg − 2
3
ωaf
gωbg
hωch
f
+ 4iφb
αIφc
β
I (γa)αβ −
1
2
RabIJVcIJ − 4
3
Va
IJVbI
KVcKJ
)
, (6.1)
where Rabcd and RabIJ are defined respectively in eqs. (5.25) and (C.2). Using
equation (5.19) for the explicit form of the S-supersymmetry connection, the Chern-
Simons action becomes
SCS =
1
4
∫
d3x e εabc
(
ωa
fgRbcfg − 2
3
ωaf
gωbg
hωch
f − i
2
Ψbc
α
I (γd)α
β(γa)β
γεdefΨef
I
γ
− 2RabIJVcIJ − 4
3
Va
IJVbI
KVcKJ
)
. (6.2)
This coincides with the actions studied in [9, 10].
6.2 The full conformal supergravity action
For N ≤ 2, the Chern-Simons action SCS is the full off-shell action for conformal
supergravity [7, 8]. Higher values of N require the introduction of an auxiliary field
sector, which, for the values 3 ≤ N ≤ 5, can be described using a curvature induced
three form. Each case for N < 6 is summarized below.
6.2.1 The N = 1 case
The N = 1 conformal supergravity action can be read off from eq. (6.2) by turning
off the SO(N ) contribution,25
S =
1
4
∫
d3x e εabc
(
ωa
fgRbcfg − 2
3
ωaf
gωbg
hωch
f − i
2
Ψbc
α
I (γd)α
β(γa)β
γεdefΨef
I
γ
)
,
(6.3)
which agrees with the action given in [7].
25The N = 0 case can further be read off by eliminating the gravitinos.
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6.2.2 The N = 2 case
The N = 2 action is similarly a direct consequence of eq. (6.2), keeping in mind
that the group SO(2) is abelian:
S =
1
4
∫
d3x e εabc
(
ωa
fgRbcfg − 2
3
ωaf
gωbg
hωch
f
− i
2
Ψbc
α
I (γd)α
β(γa)β
γεdefΨef
I
γ − 2RabIJVcIJ
)
. (6.4)
This coincides with the action constructed in [8].
6.2.3 The N = 3 case
This is the first case where auxiliary fields occur. Here there is a single auxiliary
field, the spinor wα defined in (5.9). Its contribution to the action can be found
by taking the appropriate projection of the curvature induced form ΣR. Using the
formula
1
3!
εmnpΣmnp| = 1
3!
εmnpEp
CEn
BEm
AΣABC |
=
1
3!
εabc
(
Σabc|+ 3
2
ψa
α
IΣ
I
αbc|+
3
4
ψb
β
Jψa
α
IΣ
I
α
J
βc|
+
1
8
ψc
γ
Kψb
β
Jψa
α
IΣ
I
α
J
β
K
γ |
)
(6.5)
for the component projection of a three-form along with the explicit expressions (4.23)
for the components of ΣABC , we find
1
3!
εmnpΣmnp| = 8iW α|Wα| = 8iwαwα . (6.6)
Combining this result with the Chern-Simons contribution gives the full action
S =
1
4
∫
d3x e
{
εabc
(
ωa
fgRbcfg − 2
3
ωaf
gωbg
hωch
f − i
2
Ψbc
α
I (γd)α
β(γa)β
γεdefΨef
I
γ
− 2RabIJVcIJ − 4
3
Va
IJVbI
KVcKJ
)− 32iwαwα} . (6.7)
6.2.4 The N = 4 case
For N = 4, the auxiliary fields content expands to a spinor SO(4)-vector wIα and
two real scalars w and y. Again using the expression (6.5), now with the components
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(4.33) of ΣABC , one finds
1
3!
εmnpΣmnp| = −2i(∇αIW )|(∇IαW )| −
i
2
W |(∇αI∇IαW )|
− 2(γa)αβψaαIW |∇βIW |+
i
2
εabc(γa)αβψb
α
I ψc
βI(W |)2
= 8iwαI w
I
α + 2wy − 4i(γa)αβψaαIwwβI +
i
2
εabc(γa)αβψb
α
Iψc
βIw2 . (6.8)
We have relabelled the components (5.3) into a form appropriate for N = 4:
w :=
1
4!
εIJKLw
IJKL , y :=
1
4!
εIJKLy
IJKL , wαL :=
1
3!
εIJKLwα
IJK . (6.9)
The full N = 4 conformal supergravity action is
S =
1
4
∫
d3x e
{
εabc
(
ωa
fgRbcfg − 2
3
ωaf
gωbg
hωch
f − i
2
Ψbc
α
I (γd)α
β(γa)β
γεdefΨef
I
γ
− 2RabIJVcIJ − 4
3
Va
IJVbI
KVcKJ
)
− 32iwαI wIα − 8wy − 16iψaαI (γa)αβwIβw − 2iεabc(γa)αβψbαI ψcβIw2
}
. (6.10)
6.2.5 The N = 5 case
For our final case, we need the expressions in (4.38), which yield
1
3!
εmnpΣmnp| = 2i
25
(∇ρPWP )|(∇QρWQ)| − i(∇ρ[PWQ])|(∇[Pρ WQ])|
− 2i
3
(∇ρP∇PρW S)|WS|
+ 2(γa)α
βψa
α
I
(∇[IβW J ]|WJ | − 15(∇JβWJ |)W I |)
+
i
2
εabc(γa)αβψb
α
I ψc
β
J(δ
IJWK |WK | − 2W I |W J |)
= −2iXαXα + 4iwαIJwαIJ + 2wIyI + 2(γa)αβψaαI
(
2iwβ
IJwJ + iXβw
I
)
+
i
2
εabc(γa)αβψb
α
I ψc
β
J(δ
IJwKwK − 2wIwJ) . (6.11)
For N = 5 we have defined our auxiliary fields as
wI :=
1
4!
εIJKLPw
JKLP = WI | , yI := 1
4!
εIJKLPy
JKLP = − i
3
∇γP∇PγWI |
wα
IJ :=
1
3!
εIJKLPwαKLP = − i
2
∇[IαW J ]| ,
Xα :=
1
5!
εIJKLPXα
IJKLP =
i
5
∇IαWI | . (6.12)
31
They consist of two real bosonic SO(5) vectors, wI and yI , as well as two spinors, an
SO(5) singlet, Xα, and an antisymmetric SO(5) tensor, wα
IJ .
The off-shell N = 5 action is
S =
1
4
∫
d3x e
{
εabc
(
ωa
fgRbcfg − 2
3
ωaf
gωbg
hωch
f − i
2
Ψbc
α
I (γd)α
β(γa)β
γεdefΨef
I
γ
− 2RabIJVcIJ − 4
3
Va
IJVbI
KVcKJ
)
+ 8iXαXα − 16iwαIJwαIJ − 8wIyI − 8iψaαI (γa)αβ
(
2wβ
IJwJ +Xβw
I
)
− 2iεabc(γa)αβψbαIψcβJ(δIJwKwK − 2wIwJ)
}
. (6.13)
Our choice of normalization for the auxiliary fields allows a simple truncation to
lower values of N . Beginning with N = 5, one truncates the auxiliary fields to N = 4
by taking
wI −→ 0 , wαIJ −→ 0 , Xα −→ 0 , yI −→ 0 ,
w5 −→ w , wαI5 −→ wαI , y5 −→ y
}
I, J = 1, 2, 3, 4 .
(6.14)
One can check using the transformation rules in Appendix D that this truncation is
consistent with the N = 4 supersymmetry and S-supersymmetry. Similarly, one can
truncate the N = 4 action to N = 3 by taking
w −→ 0 , wαI −→ 0 , wα4 −→ wα , y −→ 0 , I = 1, 2, 3 . (6.15)
The truncation procedure for the gauge fields is obvious.
The off-shell actions for N = 3, N = 4 and N = 5 are new actions and are the
main results of this paper.
7 Conclusion
In this paper we constructed the off-shell actions for all three-dimensional con-
formal supergravity theories with N < 6, both in superspace and in terms of the
component fields. In the simplest cases N = 1 and N = 2, our component actions
coincide with those derived in [7] and [8], respectively, using the superconformal tensor
calculus.26 To the best of our knowledge, the off-shell actions for N = 3, 4, 5 con-
formal supergravity theories are new results. In the N = 4 case, only the linearized
conformal supergravity action was known before [36].
26The action for N = 1 conformal supergravity [7] is a natural reformulation of the N = 1
supersymmetric Lorentz Chern-Simons term [34, 35].
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Our analysis was based on the use of conformal superspace [1], which is a new
formulation for the N -extended conformal supergravity. As compared with the con-
ventional formulation developed earlier [4, 5], conformal superspace is much more
efficient as far as the conformal supergravity actions are concerned. To appreciate
the power of the approach of [1], it suffices to compare the off-shell constructions of the
N = 1 conformal supergravity action given in this paper using conformal superspace
and in [11] using the conventional formalism.
Although we successfully constructed the conformal supergravity actions for all
N < 6, overcoming the N = 6 barrier still remains a very interesting problem.
We remind the reader that at the heart of our construction are two fundamental
ingredients: (i) the Chern-Simons three-form ΣCS, constructed in subsection 4.1,
which is well defined for any N ; and (ii) the curvature induced form ΣR that we
constructed for N < 6 in subsection 4.2. The closed three-form J = ΣCS − ΣR
was then used to build the conformal supergravity actions. A natural question is
why the general ansatz (4.26) did not work for N ≥ 6. One possibility is that for
N ≥ 6 it is necessary to impose an extra constraint on the super Cotton tensor
setting eq. (4.27) to zero. Another possibility is that for N ≥ 6 the ansatz (4.26)
has to be extended. Both possibilities are ultimately related to the existence of the
sequence of fields Xα1···αn
I1···In+4 in the Weyl multiplet, which appear on the left hand
side of Figure 1. It can be proved that all these fields with n > 1 satisfy, in the
linearized approximation, the conservation equations (γa)βγ∂aXβγα3···αn
I1···In+4 = 0.27
This indicates that the superfields Xα1···αn
I1···In+4 with n > 1 are composite field
strengths of hidden (super)symmetries (see e. g. [36]). It then seems clear that a
possible way of addressing the N ≥ 6 case is by either finding a consistent way to
truncate part of the Weyl multiplet fields, or by adding the potentials of the field
strengths Xα1···αn
I1···In+4, n > 1, in a properly extended ansatz for ΣR. We hope to
address these issues in the future.
The results of this paper allow one to construct off-shell actions for N ≤ 4 topo-
logically massive supergravity. In general, such an action is given as a sum of three
terms: (i) the Poincare´ supergravity action; (ii) the locally supersymmetric cosmolog-
ical term; and (iii) the conformal supergravity action. The off-shell action for N = 1
topologically massive supergravity was first given in [8], with the building blocks (i)
and (ii) taken from [29]. Upon elimination of the auxiliary scalar, this action reduces
to that originally given in [34, 35]. In the case N = 2, the superspace building blocks
(i) and (ii) are given in [5, 6]. The interesting feature of this case is that there exist
27To the best of our knowledge a full non-linear extension of this equation has never appeared in
the literature for general N .
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several off-shell versions for N = 2 Poincare´ supergravity, which lead to different
topologically massive supergravity theories. These theories will be studied in [37]. In
the cases N = 3 and N = 4, the superspace building blocks (i) and (ii) are given in
[5].
Since the off-shell action for N = 5 conformal supergravity has been given in this
paper, an interesting open problem is to develop an off-shell formulation for N = 5
Poincare´ supergravity. In the rigid supersymmetric case, Zupnik has derived, building
on the earlier work by Howe and Leeming [38], harmonic-superspace formulations
for the N = 5 vector multiplet and corresponding Chern-Simons actions [39, 40].
However, to the best of our knowledge, no off-shell results are yet available for N = 5
Poincare´ (or anti-de Sitter) supergravity.
To construct the off-shell conformal supergravity actions, we made use of the su-
perform approach for the construction of supersymmetric invariants28 [15, 12, 13, 14]
in the presence of a Chern-Simons term. This is an example of a known construc-
tion where an invariant derived from a closed super d-form can be generated from a
closed, gauge-invariant super (d+1)-form provided that the latter is Weil trivial, i.e.
exact in invariant cohomology (a concept introduced by Bonora, Pasti and Tonin [42]
in the context of anomalies in supersymmetric theories). Examples of this include
Green-Schwarz actions for various branes [43], as well as some higher-order invariants
in other supersymmetric theories which were studied, e.g., in [22, 23].
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A Note on gauge invariant forms
In this appendix we collect some useful notes for checking the gauge invariance of
superforms.
28One of the first applications of the formalism presented in [15] was given by Bandos, Sorokin
and Volkov [41].
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First let Σ be some gauge invariant p-form (under H)
δHΣ = 0 , Σ =
1
p!
EAp ∧ · · · ∧ EA1ΣA1...Ap . (A.1)
We recall that the gauge transformation of the vielbein (under H) is
δHE
A = EBΛcfcB
A . (A.2)
Then since Σ is invariant we require
δHΣA1···Ap = −pΛafa[A1DΣ|D|A2···Ap} , (A.3)
or, equivalently,
XaΣA1...Ap = −fa[A1DΣ|D|A2···Ap} , δHΣA1···Ap = ΛaXaΣA1···Ap . (A.4)
From here it is easy to see that under Lorentz and SO(N ) transformations we require
ΣA1···Ap to transform as a tensor. Furthermore, using the superconformal algebra we
find that the dimension of each of the component fields is given by
DΣA1···Ap = (∆A1 + · · ·+∆Ap)ΣA1···Ap , (A.5)
where ∆A is the dimension of PA,
[D, PA] = ∆APA . (A.6)
The remaining gauge transformations are the special conformal transformations.
Now since the vielbein does not transform under the special conformal boosts we
actually find that ΣA1···Ap is annihilated by Ka,
KaΣA1...Ap = −fKa[A1DΣ|D|A2···Ap} = 0 . (A.7)
The S-supersymmetry transformation of ΣA1···Ap is given by
SIαΣA1···Ap = −pfSIα[A1DΣ|D|A2···Ap} . (A.8)
Its consequences are less trivial. Using the superconformal algebra we find
SIαΣA1···Ap = ip(γa)α
βΣIβ [A2···Apδ
a
A1} , (A.9)
which leads to the relation
SJβΣa1···an
I1
α1
· · ·Ip−nαp−n = in(γ[a1)βγΣJγ a2···an]I1α1 · · ·Ip−nαp−n . (A.10)
Equation (A.9) automatically implies that the lowest non-zero component of Σ is
primary.
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B Matrix realization of the N -extended supercon-
formal algebra
In this paper we made use of the adjoint representation of the superconformal
algebra (2.2). In some situations, however, it is more advantageous to use instead
its fundamental representation. The important advantage of the latter is that the
Cartan-Killing metric, in general, can only be computed in such a representation,
since the index of the adjoint representation may vanish for certain simple supergroups
[25, 26].29 In this appendix, we give the matrix realization of the superconformal group
that was described, e.g., in [44] and use it to compute the Cartan-Killing metric.
In order to describe the fundamental representation of the N -extended supercon-
formal algebra30 osp(N|4,R) we introduce the symplectic supermetric
J =
(
J 0
0 i1N
)
, (B.1)
where J is the skew-symmetric supermatrix
J =
(
J αˆβˆ
)
=
(
0 12
−12 0
)
. (B.2)
One may naturally associate with the symplectic supermetric J the quadratic form
on RN|4
ΣsT JΣ = ζTJζ + i yTy , (B.3)
which is symmetric and purely imaginary.31 The superspace RN|4 is parametrized by
4 anti-commuting real variables ζ and N commuting real variables y,
Σ =
(
ζ
y
)
, ΣsT =
(
ζT , yT
)
= ΣT , ǫ(ζ) = 1 , ǫ(y) = 0 , (B.4)
where ǫ(s) denotes the Grassmann parity of a supernumber s. Elements of the above
form (B.4) are called odd real supertwistors.
The supergroup OSp(N|4,R) is the group of linear transformations
z → z′ = g z , g =
(
A B
C D
)
(B.5)
29This is precisely what we observed in subsection 4.1 for the N = 6 case.
30Ref. [44] followed slightly different conventions by denoting the superalgebra by osp(N|2,R).
31The quadratic form (B.3) can naturally be extended to the symmetric inner product on RN|4
defined by 〈Σ|Ξ〉J := ΣsTJΞ = 〈Ξ|Σ〉J, with Σ and Ξ being arbitrary odd supertwistors [44].
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that leave the quadratic form (B.3) invariant. The corresponding supermatrix g obeys
the equation
gsTJ g = J , gsT =
(
AT −CT
BT DT
)
, (B.6)
which gives us a supermatrix realization of OSp(N|4,R). The even matrices A,D
and the odd matrix B in (B.5) have real matrix elements, while the odd matrix C
has purely imaginary matrix elements. We call the supermatrices g of this type real.
The superconformal algebra osp(N|4,R) consists of real supermatrices obeying
the master equation
ΩsTJ+ JΩ = 0 . (B.7)
The general solution of eq. (B.7) is32
Ω =


1
2
λ− 1
2
f12 − bˇ i
√
2ηT
−aˆ −1
2
λT + 1
2
f12 −
√
2ǫT
i
√
2 ǫ −√2 η r


≡


1
2
λα
β − 1
2
fδα
β − bαβ i
√
2ηαJ
−aαβ −1
2
λαβ +
1
2
fδαβ −
√
2ǫαJ
i
√
2 ǫI
β −√2 ηIβ rIJ

 , (B.8)
λα
α = 0 , aαβ = aβα , bαβ = bβα , rIJ = −rJI ,
with I, J = 1, . . . ,N . Here the bosonic parameters λαβ, f , aαβ , bαβ and rIJ are
real, while the fermonic parameters ǫαI ≡ ǫIα and ηαI ≡ ηIα are real and imaginary
respectively.
The Cartan-Killing metric on osp(N|4,R) is defined by
Γ(Ω, Ωˆ) := −sTr(ΩΩˆ) = −Ωˆb˜Ωa˜Γa˜b˜ , Ω, Ωˆ ∈ osp(N|4,R) , (B.9)
where Ω = Ωa˜Xa˜ in some basis.
33 We may then choose a basis to correspond to the
parametrization (B.8),
Ω = −1
2
aαβPαβ +
1
2
λαβMαβ +
1
2
rIJNIJ + fD− 1
2
bαβKαβ + ε
α
IQ
I
α + η
α
JS
J
α , (B.10)
32The normalization of the parameters have been chosen such that λα
β → 12λαβ , ba → −ba and
ηαI → iηαI relative to [44].
33In such a basis, the components of the Cartan-Killing metric are Γa˜b˜ = sTr(Xa˜Xb˜).
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where the generators (P , M , N , K and S) are to be understood as matrices. Using
the matrix realization (B.8), we can explicitly compute the Cartan-Killing metric
Γ(Ω, Ωˆ) = −1
2
λabλˆ
ab + f fˆ − 2baaˆa − 2aabˆa − 4ηαJ εˆJα + 4εαJ ηˆJα − rIJ rˆIJ , (B.11)
where we have introduced, in line with our usual conventions, parameters with vector
indices, e.g.
λab =
1
2
εabc(γ
c)αβλαβ , ba = −1
2
(γa)
αβbαβ . (B.12)
The components of the Cartan-Killing metric are then simply read off of eq. (B.11).
One can see that the Killing components are proportional to the ones computed using
the adjoint representation for the non-vanishing cases (i.e. N 6= 6), eq. (4.2).
C Component analysis of composite curvatures
In this appendix we complete the component analysis of the curvatures associated
with the SO(N ), S-supersymmetry and special conformal generators.
C.1 SO(N ) curvature
The SO(N ) curvature is given by eq. (2.25e). Taking its restriction to the bosonic
manifold M3 leads to the equation
R(N)mn
IJ | = RmnIJ + 2ψ[mα[Iφn]J ]α , (C.1)
where for convenience we have introduced the non-conformal SO(N ) curvature,
RmnIJ := 2∂[mVn]IJ − 2V[mIKVn]KJ . (C.2)
The covariantized form of the curvature, which is given by R(N)ab
IJ |, may be con-
structed by taking the lowest component of
R(N)mn
IJ = Em
AEn
BR(N)AB
IJ(−1)εAεB . (C.3)
and solving for R(N)ab
IJ |. We will need some intermediate results. For general N ,
the superspace components of the SO(N ) curvature are
R(N)Iα
J
β
KL = −2iεαβW IJKL , (C.4a)
R(N)a
J
β
KL = − 1N − 3(γa)βγ∇
γ
IW
JIKL , (C.4b)
R(N)ab
KL = − i
2(N − 2)(N − 3)εabc(γ
c)αβ∇αI∇βJW IJKL , (C.4c)
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with lowest components respectively given by
R(N)Iα
J
β
KL| = −2iεαβwIJKL , R(N)aJβKL| = −2i(γa)βγwγJKL , (C.5a)
R(N)ab
KL| = −εabc(γc)αβwαβKL . (C.5b)
This leads to
ea
meb
nR(N)mn
KL| = −εabc(γc)αβwαβKL − i
2
(γ[a)αβψb]
α
Jw
βJKL +
i
2
ψ[a
α
Iψb]αJw
IJKL ,
(C.6)
from which we can determine wαβ
IJ :
wαβ
IJ =− 1
4
εabc(γa)αβRbcIJ − 1
2
εabc(γa)αβψb
γ[Iφc
J ]
γ +
i
2
εabc(γa)γδ(γb)αβψc
γ
Kw
δIJK
+
i
8
εabc(γa)αβψb
γ
KψcγLw
IJKL . (C.7)
The composite field wαβ
IJ is equivalent to the supercovariant SO(N ) curvature (C.5b),
which can be written
R(N)ab
IJ | = RabIJ + 2ψ[aα[Iφb]J ]α + 2iψ[aβK(γb])βγwγKIJ −
i
2
ψa
β
KψbβLw
KLIJ . (C.8)
C.2 S-supersymmetry curvature
The definition of S-supersymmetry curvature (2.25g) implies
R(S)mn
α
I | = D[mφn]αI + iψ[mβI fn]a(γa)βα , (C.9)
where
D[mφn]αI = ∂[mφn]αI +
1
2
ω[m
aφn]
β
I (γa)β
α + V[mJIφn]
αJ − 1
2
b[mφn]
α
I . (C.10)
The covariantized form may be constructed from
R(S)mn
α
I = Em
AEn
BR(S)AB
α
I (−1)εAεB . (C.11)
We require the superspace curvatures
R(S)Iα
J
β
γ
K = −
i
N − 3εαβ∇
γ
LW
IJKL , (C.12a)
R(S)a
J
β
α
I =
1
2(N − 2)(N − 3)(γa)βγ∇
γ
L∇αPW JILP , (C.12b)
R(S)ab
α
I = −
i
4(N − 1)(N − 2)(N − 3)εabc(γ
c)βγ∇βJ∇γK∇αLW IJKL , (C.12c)
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with the lowest components
R(S)Iα
J
β
γ
K | = 2εαβwγIJK , R(S)aJβαI | = −i (γa)βγwγαJI , (C.13a)
R(S)ab
α
I | = −
1
4
εabc(γ
c)βγw
βγαI . (C.13b)
The last of these is the supercovariant S-supersymmetry curvature, also known as
the supercovariant Cottino tensor, which can be written
R(S)ab
α
I | = e[ameb]nDmφnαI + iψ[aβI fb]c(γc)βα − iψ[aβJ(γb])βγwγαJI +
1
2
ψa
β
JψbβKw
αJKI
= e[a
meb]
nDmφnαI + iψ[aβI fb]c(γc)βα −
i
2
(ψ[aJγb]γc)
αR(N)cJI |
+
1
2
(ψaJψbK)w
αJKI . (C.14)
By using eq. (C.13b), this can be equivalently written as
wαβγ
I =− εabceamebnDmφnαI(γc)βγ − i εabcψaδIfbd(γd)δα(γc)βγ
− i εabc(γa)δρψbδJwραIJ(γc)βγ −
1
2
εabcψa
δ
JψbδKwα
IJK(γc)βγ . (C.15)
Using the previously derived expressions for the composite fields (eqs. (5.19),
(5.24) and (C.7)) one can check that the right hand side is totally symmetric in
spinor indices. This can be attributed to the Bianchi identity
∇[a∇b∇c] = 0 =⇒ εabc(γa)αβR(S)bcαI = 0 , (C.16)
where we used the fact that the torsion and dilatation and Lorentz curvatures vanish
in the [∇a,∇b] commutator.
C.3 Special conformal curvature
Making use of eq. (2.25f), we find
R(K)mn
a| = 2D[mfn]a − i
2
φ[m
α
I φn]
βI(γa)αβ , (C.17)
where
D[mfn]a = ∂[mfn]a − ω[mabfn]b − b[mfn]a . (C.18)
The covariantized form may be constructed from
R(K)mn
c = Em
AEn
BR(K)AB
c(−1)εAεB , (C.19)
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using the superspace curvature components
R(K)Iα
J
β
c = − 1
2(N − 2)(N − 3)εαβ(γ
c)γδ∇γK∇δLW IJKL , (C.20a)
R(K)a
J
β
c =
i
4(N − 1)(N − 2)(N − 3)(γa)βγ(γ
c)δρ∇γK∇δL∇ρPW JKLP , (C.20b)
R(K)ab
c = − 1
8N (N − 1)(N − 2)(N − 3)εabd(γ
d)αβ(γ
c)γδ∇αI∇βJ∇γK∇δLW IJKL ,
(C.20c)
which possess the projections
R(K)Iα
J
β
c| = −i εαβ(γc)γδwγδIJ , R(K)aJβc| =
1
4
(γa)βγ(γ
c)δρw
γδρJ , (C.21a)
R(K)ab
c| = 1
8
εabd(γ
d)αβ(γ
c)γδ w
αβδγ . (C.21b)
The last of these is the supercovariant K-curvature (equivalently the supercovariant
Cotton tensor) and is given by
wαβγδ =− 2εabc(γa)αβebmecnDmfnd(γd)γδ − iεabc(γa)αβφbI(γφcδ)I
− 1
2
εabc(γa)σ
ρ(γb)αβψc
σ
Jwγδρ
J +
i
2
εabc(γa)αβψb
ρ
JψcρKwγδ
JK . (C.22)
Using eq. (C.21b), we find
R(K)ab
c| = 2 eamebnD[mfn]c + i
2
(φ[a
Iγcφb]I)
− (ψJ[aγb])βR(S)cβJ |+
i
4
(ψJaψ
K
b )R(N)
c
JK | . (C.23)
Using the expressions (5.27) and (C.15) for the component fields, one can show
that the right hand side of eq. (C.22) is completely symmetric in its spinor indices.
This symmetry may be attributed to the Bianchi identity
∇[a∇b∇c] = 0 =⇒ R(K)abb = R(K)[abc] = 0 . (C.24)
D The supersymmetry transformations
Here we present the complete supersymmetry and S transformations for the com-
ponent fields of the Weyl multiplet for N < 6.
We begin with the component gauge connections defined in eqs. (5.1) and (5.2).
Because a supersymmetry transformation corresponds to a covariant diffeomorphism
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δcgct(ξ) with parameter ξ
A = (0, ξαI ), we may immediately derive, using eq. (2.16),
that
δQ(ξ)em
a = i(ψImγ
aξI) , (D.1a)
δQ(ξ)ψm
αI = 2DmξαI = 2∂mξαI + ωmαβξβI + bmξαI − 2VmIJξαJ , (D.1b)
δQ(ξ)bm = −φJmξJ , (D.1c)
δQ(ξ)Vm
IJ = 2φm
[IξJ ] − i(ψmKξL)wIJKL − 2i(ξKγm)αwαIJK , (D.1d)
δQ(ξ)ωm
ab = −εabc(φImγcξI) , (D.1e)
δQ(ξ)φm
αI = −2i(ξIγb)αfmb + 2(ψJmξK)wαIJK + i(ξJγmγc)αR(N)cJI | , (D.1f)
δQ(ξ)fm
a =
i
2
(ψImξ
J)R(N)aIJ |+ ξIγmR(S)aI | . (D.1g)
In the transformation law of the gravitino, we have made convenient use of the co-
variant derivative
Da = eamDm = eam(∂m − 1
2
ωm
bcMbc − 1
2
Vm
IJNIJ − bmD) . (D.2)
The S-supersymmetry transformations follow from (2.18) with ΛA = (0, ηαI ),
δS(η)em
a = 0 , (D.3a)
δS(η)ψm
αI = −2i (ηIγm)α , (D.3b)
δS(η)bm = ψ
I
mηI , (D.3c)
δS(η)Vm
IJ = 2(ψ[Imη
J ]) , (D.3d)
δS(η)ωm
ab = −εabc(ψImγcηI) , (D.3e)
δS(η)φm
αI = 2DmηαI = 2∂mηαI + ωmαβηβI − bmηαI − 2VmIJηαJ , (D.3f)
δS(η)fm
a = i (φImγ
aηI) . (D.3g)
Recall that the vielbein em
a, gravitino ψm
αI , dilatation connection bm and SO(N )
connection Vm
IJ are the fundamental fields, while the remaining one-forms are com-
posites. The rest of the Weyl multiplet begins to appear through the transformation
law (D.1d) of the SO(N ) connection. There we see explicitly the bosonic field wIJKL
(for N ≥ 4) and the spinor wαIJK (for N ≥ 3). In the remainder of this appendix,
we deal explicitly with the cases 3 ≤ N ≤ 5.
The N = 3 case:
As we have discussed, there is a single additional spinor auxiliary field for N = 3,
which can be written wα
IJK = εIJKwα. Its supersymmetry and S-transformations
are
δQ(ξ)wα = −1
2
εJKLξβJwαβKL = −
1
4
εJKL(γcξJ)αR(N)
c
KL| , δS(η)wα = 0 . (D.4)
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The N = 4 case:
The auxiliary field sector now involves the scalar fields w and y as well as the spinor
field wαI . These can be related to the general definitions (5.3) of the fields w
IJKL,
yIJKL and wα
IJK via the relations (6.9). For reference, we record their definitions
here:
w :=
1
4!
εIJKLw
IJKL = W | , y := 1
4!
εIJKLy
IJKL = − i
4
∇αI∇IαW | , (D.5a)
wαL :=
1
3!
εIJKLwα
IJK = − i
2
∇αLW | . (D.5b)
Their supersymmetry and S-transformations are
δQ(ξ)w = 2iξ
α
I wα
I , δS(η)w = 0 , (D.6a)
δQ(ξ)wα
I = −1
4
ξIαy −
1
2
(γbξI)α∇ˆbw + 1
4
εIJKL(γbξJ)αR(N)bKL| , (D.6b)
δS(η)wα
I = iηIαw , (D.6c)
δQ(ξ)y = 4i(ξIγ
a)α∇ˆawαI , (D.6d)
δS(η)y = −4ηβJwβJ , (D.6e)
where the supercovariant derivatives appearing above are given by
∇ˆaw := Daw − iψaαIwIα , (D.7a)
∇ˆawαI := DawαI + 1
8
ψa
I
αy +
1
4
(γbψa
I)α∇ˆbw
− 1
8
(γbψaJ)αR(N)bKL|εIJKL − i
2
φa
I
αw . (D.7b)
The N = 5 case:
The auxiliary field sector is given by
wI :=
1
4!
εIJKLPw
JKLP =WI | , (D.8a)
yI :=
1
4!
εIJKLPy
JKLP = − i
3
∇γP∇PγWI | , (D.8b)
wα
IJ :=
1
3!
εIJKLPwαKLP = − i
2
∇[IαW J ]| , (D.8c)
Xα :=
1
5!
εIJKLPXα
IJKLP =
i
5
∇IαWI | . (D.8d)
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Their transformation rules under supersymmetry and S-supersymmetry are
δQ(ξ)w
I = −iξαIXα + 2iξαJwαJI , δS(η)wI = 0 , (D.9a)
δQ(ξ)wα
IJ = −1
4
εIJKLP (γbξK)αR(N)bLP | − 1
2
ξ[Iα y
J ] − (γbξ[I)α∇ˆbwJ ] , (D.9b)
δS(η)wα
IJ = 2iη[Iαw
J ] , (D.9c)
δQ(ξ)Xα = −1
2
ξαIy
I + (γbξI)α∇ˆbwI , δS(η)Xα = −2iηαIwI , (D.9d)
δQ(ξ)y
I = 2i(γa)α
βξαI∇ˆaXβ + 4i(γa)αβξαJ ∇ˆawβJI − 2iεIJKLPξβJwKwβLP , (D.9e)
δS(η)y
I = −2ηβIXβ − 4ηβJwβJI , (D.9f)
where we have used the supercovariant derivatives
∇ˆawI := DawI + i
2
ψa
αIXα − iψaαJwαJI , (D.10a)
∇ˆawαIJ := DawαIJ + 1
8
εIJKLP (γbψaK)αR(N)bLP |+ 1
4
ψa
[I
αy
J ]
+
1
2
(γbψa
[I)α∇ˆbwJ ] − iφa[IαwJ ] , (D.10b)
∇ˆaXα := DaXα + 1
4
ψaαIy
I − 1
2
(γbψaJ )α∇ˆbwJ + iφaαIwI . (D.10c)
We have chosen to normalize the component fields at different values of N so that
the truncation from N = 5 to N = 4, eq. (6.14), and from N = 4 to N = 3, eq.
(6.15), is completely straightforward.
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